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                                                                                          ABSTRACT 
 
The Well Optimized Linear Finder (WOLF) atmospheric turbulence compensation (ATC) methodology 
is currently a fast, software-dominant, diversity-based means to remove atmospheric turbulence 
from optical imagery and spectral imaging systems. One current drawback is that the WOLF ATC has 
been optimized to work with diversity-based imaging systems that require the simultaneous capture 
of both an in-focus image, and a diversity image that has its entrance pupil plane phase related in a 
known way to the in-focus image. Typically, the optical path length of the diversity image is changed 
relative to the in-focus image to generate this determinable phase difference at each entrance pupil 
plane sampled phase location. In this work, we present a method to use the WOLF ATC method 
using no extra hardware and eliminating the requirement for the simultaneously captured diversity 
image. This adaptation to the WOLF methodology provides a software-only ATC capability but 
instead requires multiple atmospheric realizations to determine the ATC image. Consequently, our 
WOLF adaptation is not considered real-time capable (faster than 30 Hz). In our software-based 
approach we first estimate the magnitude of the un-aberrated object spectrum, and subsequently 
estimate the associated object spectrum phase. This adaptation of the WOLF methodology can be 
directly extended to multi-spectral and/or hyperspectral imaging systems to generate spatial 
resolution and per pixel signal-to-noise ratio improvements for imagery at chosen wavelengths. 
Apart from providing an ATC capability for future imaging systems (both hyperspectral and high 
spatial-resolution imaging systems), the implication is that existing collected image data sets for 
general incoherent imaging systems that satisfy key collection requirements presented here, can 
potentially be retroactively corrected for atmospheric turbulence effects. We present the conceptual 
layout, technical approach, and provide simulated results. Although only two distinct narrow-band 
wavelengths are required for this WOLF adaptation, we demonstrate our results with a 
representative Hyperspectral Imaging (HSI) ‘push-broom” imaging system application to show the 
generalization of our approach. Even though this WOLF adaptation may not be real time capable, it 
is highly scalable and dramatically benefits from general purpose parallel processing (GPPP) 
technology. 
 
INTRODUCTION 
 
When it comes to achieving high spatial resolution from an optical imaging system, the Earth’s 
atmosphere presents the limiting factor for any well-designed optical system that has an entrance 
pupil plane diameter larger than the atmospheric coherence length ro.[1] 
Solutions for mitigating atmospheric turbulence effects in imagery take one of the following three 
forms: 1) Adaptive Optics (AO) systems that are hardware intensive, bulky, costly, and real-time 
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capable, 2) Atmospheric Turbulence Compensation (ATC) imaging systems that are software-
dominant, but are traditionally computationally slow, or 3) hybrid methods that blend AO and ATC 
capabilities and tend to perform somewhere in between AO and ATC imaging system 
implementations. [2,3,4]  In this work, we focus on adapting a promising recently developed ATC 
capability so that it is more generally applicable to different types of imaging systems, such as color 
imaging cameras and multi-spectral/hyperspectral/ultra-spectral imaging systems. The WOLF ATC 
methodology provides a software-dominant, high-speed approach to remove aberrations due to 
atmospheric turbulence from optical imagery.[5] The WOLF methodology can provide real-time ATC 
(faster than 30 Hz) using a diversity-based imaging approach wherein an in-focus image and a 
diversity image are simultaneously captured as inputs to the WOLF ATC algorithm.[6] The current 
implementation of the WOLF methodology is software-dominant because it requires some hardware 
to produce the simultaneously captured in-focus and diversity image pair that are required as inputs 
to the WOLF algorithm. The hardware typically consists of beam splitters, narrow- band wavelength 
filters (one filter for monochromatic/grayscale images, two or three filters for color images, and 
more filters or prisms for spectral imaging systems), lenses, and a device for adjusting the optical 
path delay (OPD), along with image plane detectors.[5] Often, many of these components are 
already built into a basic imaging system, however, in diversity-based imaging systems, two optical 
paths are required to simultaneously capture the in-focus image and the related diversity image. In 
this work we demonstrate a method to remove the requirement for the diversity image so that only 
the in-focus image is needed. This eliminates the specialized hardware needed to produce the 
diversity image and adapts the WOLF methodology to work with regular (non-diversity-based) 
imaging systems. Image irradiance data must be captured at two or more distinct narrow-band 
wavelengths simultaneously and the method scales readily for HSI systems. The benefit of the third 
wavelength is that a second error metric can be generated that can isolate the correct entrance 
pupil plane phase estimate from 3 candidate estimates that otherwise would require dense sampling 
methods to determine the correct solution. Never-the-less, as will be seen below, if only two 
wavelengths are obtainable from the imaging system (such as some Quantum Well Photodetectors 
(QWPs), adaptive sampling methods can be used to determine the correct response. We provide the 
analytical framework for our adapted WOLF methodology and develop the mathematical formalism 
to illustrate our approach. We then use computer simulation to demonstrate how the WOLF 
methodology works and summarize our results.  
 
ANALYSIS 
 
The objective of our work herein is to provide an adaptation to the WOLF ATC method that removes 
the requirement for a diversity-image in the ATC process. This would greatly simplify the optical 
system component layout and make the WOLF ATC methodology available for a larger class of 
imaging systems  (i.e., non-diversity-based imaging systems). Although irradiance data is required at 
only two distinct narrow- band wavelengths, a “push broom” hyperspectral imaging system is used 
as the conceptual model to show  that our approach generalizes to imaging systems with an 
arbitrary number of wavelengths. The push broom HSI system is shown at the top-left of Figure 1. 
Only four representative wavelengths are shown in the figure even though HSI systems can have 
hundreds of wavelengths. In the push broom mode, the optical sensor maps a line of spatial pixels 
(shown oriented in the x – direction) wherein every pixel holds irradiance data at multiple 
wavelengths (shown as different colors in the figure). This array of spatial and spectral 
(wavelength) image data is moved in the negative y – direction to map out the so-called hypercube 
of the image data. In the second image from the top left, we see a 2D spatial array captured at one 
wavelength. This is representative of a monochromatic 2D imaging system, or it can be considered 
as one image at a given wavelength of the hyperspectral data cube. The bottom-left image in Figure 
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1 represents a HSI system that is capable of simultaneously capturing 2D spatial image data along 
with the spectral data for each pixel. The last image on the bottom right shows a step stair HSI 
configuration wherein the line of pixels changes wavelength at each subsequent increment along its 
progression along the negative y – axis. For the last HIS implementation on the bottom right, the 
WOLF methodology would also require one of the wavelengths to capture the full 2D spatial array. 
The WOLF ATC methods work for all these HSI implementations and more.  

 
 
In this work, the push-broom mode representative example provides a linear array of spatial pixel 
irradiance values that are simultaneously captured at each wavelength of the HSI system. There are 
a variety of physical mechanisms for producing this HSI data set using combinations of optical 
elements such as lenses, collimators, gratings, prisms, and rotating mechanisms, however, we focus 
on a general conceptual implementation to illustrate the fundamental mechanisms of the WOLF 
methodology, and consequently ignore HSI sensor implementation specific details. 
 
To better understand the benefit of eliminating the diversity image from the ATC processing 
requirements, a general optical layout that includes the option for generating a diversity image, as 
well as the benefits of employing an aperture mask are illustrated in the conceptual layout shown in 
Figure 2. Note that the entrance pupil plane aperture masks shown at the bottom of Figure 2 
provide benefit in computational speed for real-time WOLF ATC applications but aren’t as important 
in this adaptation of the WOLF methodology since multiple realizations of the atmosphere are 
needed in this implementation, which tempers (although doesn’t eliminate) the “need for speed” in 
this “no diversity” Concept of Operations (CONOPS). In Figure 2, we have a notional conceptual 
model that images a far-field object through atmospheric turbulence. The light is collected by the 
entrance pupil plane mirror (EPM) and collimated into a beam with the collimator (C1). The slit (S1) 
separates a linear array of pixels that are coming out of the page. In the entrance pupil plane, this 
corresponds to a line of spatial frequency components associated with a line of pixels across the 
object. For a diversity imaging system, the implementation of the imaging system requires two 
distinct optical paths wherein one path has a known diversity (such as a difference in the overall 
optical path length of the two paths that introduces a known defocus term in the entrance pupil 
plane phase). Figure 2 can readily be adapted for a diversity-based imaging system by 1) adding a 
lens after filter wheel 1 (FW1) so that we get the image at the detector (D1) instead of the entrance 
pupil plane irradiance, and 2) ensuring that the lengths of the two optical paths after the beam 
splitter (BS1) are different. The elimination of the diversity image requirement can remove the need 
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for the second optical path (shown below the beam splitter (BS1) in Figure 2). Further, the proposed 
adaptation of the WOLF methodology does not require any entrance pupil plane aperture masks 
(shown as Ma1 and Ma2 in Figure 2) nor does it require the prism, or even the filter wheel if a 
detector is used that is sensitive to, and can distinguish between, multiple wavelengths at each pixel. 
Even the slit can be removed and consequently the 2D irradiance values can be simultaneously 
captured at the multi-wavelength capable detector. This is a dramatic simplification in the optical 
system layout and makes the WOLF methodology applicable to general 2D color imaging systems, 
yet still adaptable to systems with an arbitrary number of wavelengths at each spatial pixel. In our 
example, for brevity’s sake, we use a push broom HSI architecture to illustrate our adaptation of the 
WOLF methodology to multi/hyperspectral imaging systems.   
 
 
 

 
One benefit of having our object in the far-field of the imaging system is that we can use linear 
systems theory to mathematically describe the propagation of the electromagnetic field through the 
Earth’s atmosphere. For an incoherent imaging system, the image irradiance can thereby be related 
to the object radiant emittance through a 2D spatial convolution with the imaging system’s point 
spread function (PSF). In frequency space this becomes a point-wise multiplication given by, [8] 
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where Nep is the number of entrance pupil plane sample points for the HSI push broom imaging 
system. The ⨂ symbol is the 2D autocorrelation of the GPF in frequency space, and the GPF is given 

by,  
 
In Equation (3) the amplitude function A(f⃗) is typically set to one inside the clear aperture of the 
entrance pupil and zero outside of the aperture. This is because for many imaging systems that have 
the entrance pupil plane within the Earth’s atmosphere, the atmospheric phase aberrations 
dominate, and the amplitude effects can safely be ignored. Some exceptions to the phase-only 
aberration assumption are due to distributed turbulence effects and/or strong scintillation effects 
such as in high energy laser systems. In Equation (3) the atmospheric phase aberrations are modeled 
by the entrance pupil plane phases θ  λn(f⃗), which are functions of wavelength, and are located at a 
particular physical location in the entrance pupil, but are associated with a spatial frequency that is 
fundamental to the OTF in Equation (1). The relationship between the spatial coordinate and the 
spatial frequency coordinate scales as x⃗ = λndif⃗ where di is the imaging system’s effective focal 
length. In Equation (2) we see that the OTF is the 2D autocorrelation of the GPF which traditionally 
can be quite computationally slow and so Fourier-based methods are commonly employed to 
estimate the OTF. However, the WOLF methodology has improved upon the traditional correlation-
based approach by 1) requiring no more than 2 complex exponential phase difference with only 
two entrance pupil plane unknown phases and complex constant to be calculated instead of 
potentially millions of complex exponential phase differences, 2) exploiting redundancies in the 
entrance pupil plane phases as related to the OTF, 3) taking advantage of inherent symmetries in the 
OTF, 4) allowing for the incorporation of parallel processing methods, and 5) employing optimization 
strategies in combining entrance pupil plane phases. These five attributes make the WOLF 
methodology highly competitive with traditional ATC methods and offers a faster and more accurate 
approach for removing atmospheric turbulence from incoherent imaging systems. In our approach 
we have also assumed unit magnification throughout and defer the inclusion of magnification 
parameters to specific implementations of the optical system as is conventionally done. Another 
assumption that we employ is that the Taylor’s frozen flow approximation applies, which assumes 
that the atmosphere changes on the order of a few milliseconds. Consequently, the integration time 
of the optical sensors cannot exceed a few milliseconds without risking a change to the state 
of the atmospheric aberrations. We assume a frozen atmospheric state for integration times up to 2 
ms. In this paper, we develop a non-diversity-based push broom HSI system without the 
requirement for any specialized ATC hardware such as aperture masks or simultaneously captured 
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images with different optical path lengths. We evaluate the conceptual layout in Figure 2 using the 
entrance pupil on the far bottom-right (no aperture mask). Using this open cell entrance pupil plane 
cell structure that passes the electromagnetic wave at all cell locations, we see that for the 1-point 
overlap condition with two different wavelengths selected for the differing optical paths in Figure 2, 
we get the same result as if the masks were turned on. [9] Therefore, the same procedure as for a 
masked 1-point overlap approach can be used to select θi λ1 and estimate θj λ1 through the WOLF-
Tau sub-algorithm, to carry out the ATC on the HSI 1-point overlap data  set.[9] The resulting WOLF-
Tau outputs are, the object radiant emittance spectrum O1 λn (l (Nep) , fl=1), values  of θj λn at all 
HSI wavelengths (or wavelengths of interest), the value of the OTF at all wavelengths of interest H1 
λn (l(Nep) ,fl=1), and we assume that the irradiance spectrum for each isolated wavelength and 
linear array element is available from the push-broom HSI system collected data set. In the above 
WOLF-Tau outputs, the subscript 1 refers to the 1 – point overlap, the coordinate l is an index that 
runs over the available wavelengths, θi λ1is the entrance pupil plane phase aberration at the first 
element of the HSI push broom entrance pupil plane linear array at the first wavelength, θjλ1 is the 
last element of the HSI push broom entrance pupil plane linear array at the first wavelength, and 
Nep is the number of entrance pupil plane samples in the linear push broom array at one 
wavelength. Once the 1-point overlap process is complete and we have both θi λn and θj λn 
available at all wavelengths of  interest, we need to estimate the object radiant emittance 
magnitude for the cases of overlaps greater than 1 (i.e., for the cases where k > 1). If we look at the 
general expression for the irradiance spectrum at a given wavelength we get, [5] 
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where the ^ symbol on the left denotes the estimated value. There are of course no guarantees that 
the true maximum value of |I2 λn (l(Nep) , fl=2)| has been reached, and that the arguments of the 
complex exponentials in Equation (7) both sum to zero, but the larger the value of |I2 λn(l (Nep), 
fl=2)|, the closer we are to this condition being true. For this method to work, the underlying object 
that is being observed cannot change its magnitude or phase throughout the observational period 
(such as a fixed object with respect to the observational platform imaged at millisecond exposures 
over many realizations of the atmosphere. With regards to the 3 (or more) point overlap scenario in 
which the complex constant is not zero, we note that from Equation (4) that Ck λn is a sum of 
complex exponential phase differences that have an upper limit that is equal to the number of terms 
in the complex exponential sum (which is k – 2). It is also fortuitous that we can determine the 
complex constant Ck λn analytically and deterministically for each atmospheric realization, aided by 
our previous overlap results (i.e., new values of entrance pupil plane phases and OTF values for new 
atmospheric realizations can be quickly determined using previous overlap (k-1) results since the 
object radiant emittance spectrum has been determined and doesn’t change per our assumptions). 
This allows us to establish what the maximum (or minimum) irradiance spectrum magnitude value 
on the left side of Equation (7) is with respect to the complex constant Ck λn. We hope to use this 
maximum (or minimum) value of the irradiance spectrum magnitude to identify the condition when 
the random fluctuations of the atmospheric phases in the complex exponentials of the OTF in 
Equation (7) sum to approximately zero thereby permitting the determination of the object radiant 
emittance spectrum magnitude estimate from  

 
By inspecting Equation (7), it becomes immediately apparent that whether the measured irradiance 
spectrum magnitude value is maximum, minimum, or somewhere in between depends largely on 
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the real and imaginary parts of the complex constant Ck  λn which is determinable with some 
tedium, but changes for every different instantiation of the atmosphere, as well as different values 
of k. To further complicate measures, the irradiance spectrum magnitude in Equation (7) is 
maximized (or minimized) relative to Ck λn for the following paired phase difference realizations: 
{∆θi,s λn ,∆θr,j λn} = {0,0},{−π, π}, {π 2,π 2} , {−π 2,−π2}, and equivalent angles such as {π, −π}, {−3π2  
, −3π 2}, {+3π2+3π 2} and other phase difference combinations that lead to identical paired phase 
difference realizations that are both 0, π⁄2, π, or 3π⁄2 , or equivalent. These paired phase difference 
realizations will lead to maximum or minimum values of |Ik λn (l(Nep), fl=k)| depending on the value 
of the real and imaginary parts of the complex constant Ck λn. Note that if the real part of the 
complex constant Ck λn is positive and, through the statistical variations of the atmospheric phases 
in the OTF term sum to zero (i.e., {∆θi,s λn,∆θr,j λn} = {0,0}), then the sum of the complex 
exponentials on the right side of Equation (7) equals 2, and we expect the magnitude of the OTF to 
be maximized. However, if the real part of the complex constant Ck λn is negative, then the sum of 
the positive 2 and negative real part of Ck λn produces a smaller net magnitude than what would 
have been attained if the real part of Ck λn where positive. To proceed, we need to pick one of these 
phase difference pairings such as {∆θi,s λn ,∆θr,j λn } = {0,0}), and properly account for the effects of 
the other possible paired phase difference realizations that counter the maximization of |I2 λn 
(l(Nep), fl=2)| (namely, the equivalent/similar entrance pupil plane phase combinations of {∆θi,s λn 
,∆θr,j λn } = {−π, π}, {π,−π}, {π 2,−π 2} , {−π 2,π 2 }) so that the form of the equation in the 
denominator of Equation (9) doesn’t change for maximum values of our observable, |Ik λn (l(Nep), 
fl=k)|. For example, if for aparticular atmospheric realization, the paired entrance pupil plane phase 
differences are {∆θi,s λn ,∆θr,j λn} = {−π, π}, then from Equation (7) and (9) we see that the 
denominator on the right side of Equation (9) becomes |−2 + Ck λn |. This would lead to a slightly 
different object estimator in Equation (9). Table 1 shows some of the possible combinations of 
paired phase difference results that would maximize or minimize the  
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Over the search space (x-axis in Figure 3), there are two other minimums shown with shallow wells 
(i.e., they reach small values but do not go to zero as seen by the true solution seen by the dip in 
Figure 3 between 1 and 2. To check this result, we generated a different error metric based on 3 
separate wavelengths. This different error metric is shown in Figure 4 below and does not directly 
use the magnitudes of the irradiance 
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 is determined at desired wavelengths, it can be inverted in accordance with Equation (1) to provide 
the atmospheric turbulence compensated object radiant emittance spectrum at the spatial 
frequency corresponding to 𝑓2. The determined values 𝜃𝑟 𝜆𝑛 and 𝜃𝑠 𝜆𝑛 for the 2-point problem 
along with 𝜃𝑖 𝜆𝑛 and 𝜃𝑗 𝜆𝑛 can be used in Equation (4) to determine the complex constants needed 
in the 3-point overlap problem using the 3-wavelength error metric discussed above. This process 
continues wherein the previous results are used to generate the complex constants needed in the 
OTF and error minimization expressions for the next overlap (i.e., next needed value of k). In this 
fashion, the entire linear spatial array for the image can be corrected for atmospheric turbulence 
with no diversity term, and only requiring three wavelengths. It must be stated that as the 
atmospheric state changes from realization to realization, the entrance pupil plane phases for 
previous results (i.e., entrance pupil plane phases associated with previous overlap results less than 
the current value of k) must be re-determined since the entrance pupil plane phases will change as 
the atmosphere changes. Consequently, this process is not real-time and can be computationally 
intensive. However, this approach has the advantage of 1) not requiring an entrance pupil plane 
mask, 2) does not require a diversity image[11] , and 3) can work with as few as 3 wavelengths and 
so is applicable to colored imagery, post processed color video, multi-spectral imaging cameras, and 
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HSI systems. For HSI systems, this method applies to all types of HSI sensors (i.e., single pixel 
scanners, push broom sensors, step-stair sensors, and systems that simultaneously capture the full 
HSI data cube. In the next section we present the results of the WOLF algorithm as applied to a 
multi-wavelength imaging system. As an example of the WOLF ATC algorithm working on a single 
wavelength of an image, as would be seen from a HSI system working in the spectral scanning mode 
of Figure 1 (2nd top-left image), or a normal monochromatic imaging camera, we see an image of 
Jupiter and its moon Europa on the left side of Figure 5. In this colored reference image Jupiter’s 
moon Europa is clearly seen as a small bright dot on the left.  
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